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Abstract 

Let n : n —>■ n be a differential operator defined in the exterior alge¬ 
bra n of differential forms over the polynomial ring 5 in n variables. In 
this work we give conditions for deforming the module structure of over 
S induced by the differential operator D, in order to make D an 5-linear 
morphism while leaving the C-vector space structure of fl unchanged. 

One can then apply the usual algebraic tools to study differential oper¬ 
ators: finding generators of the kernel and image, computing a Hilbert 
polynomial of these modules, etc. 

Taking differential operators arising from a distinguished family of 
derivations, we are able to classify which of them allow such deforma¬ 
tions on fl. Finally we give examples of differential operators and the 
deformations that they induce. 


1 Introduction 

Let S = C[a:i,... ,Xn] be the ring of polynomials in n variables and H = 
®r>o algebra of differential forms of S over C, where 17’’ denotes the 

module of r-differential forms. Since 17’’ has a natural structure of graded S- 
module, we will decompose it as 17’’ = 0b>o where we assign degree -1-1 

to each dxi. We stress the fact that this (second) grading is the one given by 
the Lie derivative with respect to the radial vector field R = 
for T G 17’’(6) we have 

= b T 

as we will recall in eq. [3] In general, for a graded module, we will note in 
parenthesis the homogeneous component of the given degree; in the case of 17 
it will always be the one given by the Lie derivative with respect to the radial 
vector field R. 

For fixed q, a, suppose we are given a differential operator of order one D : 
17 17, see Definition!^ such that 

Z7(17’’(6)) c 17’’+«(5-ba) 

*The author was fully supported by CONICET, Argentina. 
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for every r,b > 0. 

Regarding D as a, morphism of C-vector spaces would probably lead to find¬ 
ing kernel and image of infinite dimension; on the other side, trying to compute 
these dimensions on each homogeneous component 17’" (6) would force to know 
D in complete detail. Instead, a module structure on 17 attached to D would 
lead to more precise and computable information; such as a finite set of genera¬ 
tors or a Hilbert polynomial associated to its kernel, or image, exposing discrete 
invariants. 

Both sheaves of principal parts, see [3], and complexes of differential opera¬ 
tors, see [1], solve problems of linearization for D. In these works the solution is 
universal (in a categorical sense) and, as part of the construction, the operator 
D changes as well as the domain. This fact makes the relation between D and 
its linearized version difficult to track down. 

Our approach to the problem of linearization is focused on the multiplicative 
action of S over f7, leaving the operator D invariant as well as the C-vector space 
structure on 17. 

As a first example, let us consider the usual exterior differential d : ^ 

and denote by in the contraction with the radial vector field R. As we will 
show later in Section o for / e S{c) and t £ 17’’ (6), where the grading is 
taken with the Lie derivative with respect to the radial vector field R, in this 
work we introduce the following action 



( 1 ) 


which makes the exterior differential d : 17 —>■ 17 a morphism of 5'-modules (when 
&, c = 0 we adopt the usual multiplication). Even if we take a different approach, 
this can be readily verified by direct computations. 

In Section [3] we first give a formal definition of the deformations of the 
exterior algebra 17 over S that we propose. Definition 13.11 and prove a general 
condition condition for these modules to be finitely generated. 

In Section |4] we state our main result, Theorem 14.51 which is a classification 
of a distinguished class of differential operators that allow a linearized structure 
as in Definition 13.11 

This classification exploits the decomposition of a differential operator in 
terms of a linear map plus a derivation which, in turn, can be decomposed as 
the Lie derivative plus a contraction with respect to vector valued differential 
forms. We give the details and definitions of this decomposition in Section [3] 

Finally, in Section [S] we present two examples of differential operators that 
allow the linearized structures that we defined. 
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1.1 Geometric Motivation 


Even if our approach to the subject is purely algebraic, there is a geometric 
nature in our work that we would like to state here. 

A codimension one foliation in projective space of degree a—2, FoZ^(P"“^, 

0 — 2), is given by a differential 1-form w G (a) such that it descends to pro¬ 
jective space, ie., iauj = 0, and such that verifies the Frobenious integrability 
condition uj A du! = 0. As it is shown in [5], the Zariski tangent space to the 
space of such foliations can be parameterized by 

a — 2) = {r] € : iRT] = 0 and co A dij + duj A ij = 0}. 

Using the second equation, C. Camacho and A. Lins-Neto, in [1], define the 
following notion of regularity of an integrable, homogeneous, differential 1-form 
and prove an associated stability result. By looking at w as a homogeneous 
affine form in C", uj is said to be regular if for every a < e the graded complex 
of homogeneous elements 

T{a — e) -s-ri^(a)-^fl^(a-l-e) (2) 

If I- ^Cxiuo) 

V I-9- UJ A r] := UJ A dr] + du A T] 

has trivial homology in degree 1, where we denote as T := to the module 
of vector fields and assign degree —1 to each := dx*. 

Studying the function a i —> ^ui{a) := dimc{Ker{uj A —)(a)), for every 
a G N, it was clear the necessity of a better understanding of the differential 
operator u; A — what led us to the present work (among other things, as we will 
briefly mention in 15.211 . 
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2 Basic Definitions and General Setting 


Along this section we give the definitions of our main objects of study, which 
are derivations, differential operators and vector valued differential forms on fl. 
With these objects we state a decomposition theorem for a differential operator 
on n, see Theorem 12.41 Such decomposition theorem, as far as we know, is 
missing in the literature. 

Let us first recall some basic definitions, see e.g. |5]: 

A linear map of degree o in 17 is a linear map tp : 17 —>■ 17 such that (^(17’’) C 
n^+1 for every r > 0. 
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A derivation of degree g in $7 is a linear map Dq : 17 17 of degree q such 

that 

Do{fj, At) = L>o(/^) At + (-1)’’'^ ^ A Bo(t) 

for /r e 17’’ and r G 17®. If D (17’'(6)) C 17'?+’’(6 + a) we will say that D has 
bidegree {q,a) and denote by Der'?(17) and Der^‘?+^(17) the spaces of derivations 
of degree q and bidegree (g, a) respectively. In case that Dq is S'-linear we will 
say that Dq is a linear derivation. 

We recall from the introduction that we will write as T := (17^)* to the 
module of vector fields and assign degree —1 to each ^ := dx*. 

In 17 we have the exterior differential d which is a derivation of degree 1 and, 
for X gT, the contraction ix which is a linear derivation of degree —1. 

Let (^, '0 : 17 —>■ 17 be two linear maps of degree g and r respectively. We 
define the (graded) Lie bracket [(/?,'*/’] 

[(/?, tf] := ifi o if — (—!)'?’’■!/) o If. 


Following Cartan’s formula, see e.g. [5], the Lie derivative with respect to 
X, Cx, can be computed as 

C-x = [ix, d] = ixd + dix 

which is a derivation of degree 0. 

Taking r G 17’’(&), the Lie derivative with respect to the radial vector field 
a, verifies the well known formula, see e.g. [S], 

Cr{t) = indT + diRT = h T ( 3 ) 

which decomposes in a unique way a differential form in a radial plus and exact 
form. 

A linear derivation Hq of degree g is uniquely determined by its restriction 
to 1-forms Dq : 17^ —)• 17'?+^, which can be viewed as an element L G 17®+^ 0 T. 

For g > — 1, we will say that L G 17*?+^ 0 T is a vector valued differential 
form and note 17|i^^ to the space of such elements. For r € 17’’, we define the 
contraction iRT G 17'?+’’ by the formula 

?L^(A1i, . . . , Xqj^j.) .— 

“ (g _|_ _ 1)1 ^ ?■ (a (Xct(i), . . . ,XCT(g+l)) , A'c,(q,+2), ■ ■ • 

(4) 


for Xi ,..., Xq.^.r G T and Sq+r the permutation group of g -I- r elements. 

We recall from the following two propositions that give a classification of 
derivations: 
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Proposition 2.1. If L G , then iL G Der'^{fl) and any linear derivation is 
of this form. 

Proof. We just notice that we are using the the identification of a differential 
r-form as an alternating map (T)®’" —>• S, see e.g. [8]. For the rest, we follow 0 
Chapter IV, 16.2, p. 192], □ 


Using eq. 3 and Proposition 12.II we can define the Lie derivative for a vector 
valued differential form, K G as 

H-K ■= [iK,d] G Der'^(U). 


Proposition 2.2. If Dq G Der^{Vl), then there exists unique K G and 
L G such that 

Do = H-K + *L- 

Proof. See [51 Chapter IV, 16.3, p. 193]. □ 

For T G St we will denote by At- the endomorphism of left multiplication by r 
in U. It is immediate to see that a linear map tp : U —>■ U of degree q is U-linear, 
i.e. (fipi) = </5(l) A P-, if and only if 

[ip, At-] = 0 

for every t G SI. We then define: 

A differential operator of order 1 and degree q, or simply a differential oper¬ 
ator of degree q, in U is a linear map D : SI ^ St of degree q such that 

[ [Z1,A^] ,A,] =0 (5) 

for all pL,T gSI. If D {Sl.^{b)) C r2^+'’(6 + a) we will say that D has bidegree (g, a) 
and denote by Diff'^(fl) and Diff*-^’“^(U) the spaces of differential operators of 
degree q and bidegree (q, a) respectively. 

Even if the following proposition is very well known, we add a proof just 
to show that the sign rule arising from the skew commutativity of St does not 
make any conflicts. 

Proposition 2.3. Let D G Difff{St). Then D can he decomposed as 

D = (^D — Xd{i)) + Xd{i) 

where D — G Deff(St) and A£)(i) is a linear map. 

Proof. Evaluating at 1 the formula [ [D, A^] , A,-] =0 we get 

D{p, A r) + 13(1) A fj. At = D{p) A r + A D{t). 

And by subtracting —2 D{1) A /r A t in both sides we see that 

Z3(/i At) — D{1) A fi At = {D(fi) — D{1) A p.) A t + (—l)'^'’/i A {D(t) — D{1) A t) 

showing that D — G Der'^(r2). □ 
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As a direct corollary of Proposition 12.21 and Proposition 12.31 we have the 
following decomposition for a differential operator: 

Theorem 2.4. Let D S DiffiTl). Then D can be written as 

D = Ck + 

for unique K S L € and /r € fl'?. 


3 Deformations of the Exterior Algebra 


In Definition 13.11 we give formal definition of the deformations of Ll induced 
by a differential operator D S Diff^'^’“^(D) and then, in Proposition [XU we give 
conditions to these modules to be finitely generated. 

As eq. [T] shows, these deformations have some denominators in the formula, 
that can be zero in low degrees. Because of that, we first need a technical 
definition that will allow us to avoid this situation. 

Two graded S'-modules M and N are said to be stably isomorphic if there 
exists an no € N such that M{k) ~ N{k) for every k > no- 

Let n be an algebra of differential forms stably isomorphic to D. Without 
loss of generality we can assume that 

II = 0 n^{b) 

r>0 

&>nr 

for some n^ S N. 


Definition 3.1. Let D G Diff'^’°'\Lt). For f G S{c) and r G D’’(&) we define 
the following action of S in n^(b) 

/•or = a fr + ft df A iRT 

where a = a{r, b, c) and fi = ft(r, b, c) verify the conditions 

a) a(-,-,0) = 1 

b) D{f-j,T) = f -uDir) 

c) (5/)-Dr = 5 -d(/-dt). 

We will note VLr to Q. under this action from S. 


In case such a and (3 exists, ilo gets a structure of a graded 5'-module 
extending the usual multiplication from C and 

LId — TId 
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is 5-linear. 


It is clear that the modules 17^ are stably free of rank ("). Next we give a 
condition for Qd to be finitely generated. 

Proposition 3.2. Let = 0 with > n and let a{r,b,c) and 

b'>nr 

P{r,b,c) as in Definition \S.l[ If for every b > Ur we have 

a{r, b, if - I3{r, b,lf f 0 

then Ll'f) is finitely generated by elements of degree Ur ■ 

Proof. Let us fix (r and) b and denote a = a(r, b, 1) and /3 = /3(r, b, 1). Consider 

n 

the multi-index 7 = ( 71 ,..., 7 „) G No such that ^ 7 i = (;-|-l = &-|-l — r and 

2 — 1 

let I = {ii ,..., v} C {1,... ,n}. 

Take b > Ur- Every element of Llf,{b -1-1) it is a sum of elements of the form 

dx I 

71 

where we write = 0 ^7’ = dxi.^ A ... A dxi^. 

Let k G {1,..., n} such that 7 ^ 7 ^ 0. Then we have the formula 

r 

Xk 'D (x'^~^'‘dxi) = a x^dxi + f3 ^.T'-efc+e,^ ^ i a dxr ( 6 ) 

' ' • ^ 9a;,- . 

j=i " 

where we note to the z-th canonical vector. 

If A: G /, then eq. E] equals to (a -I- /3) x'^ dxj. Since — /3^ 7 ^ 0 we have 

- rXk ■ D (x~*~^'°dxi) = x^ dxi (7) 

a -I- 0 ^ ^ 

when k G I and 7 fc f 0. 

On the other side, assume that for all k such that 7 fc 7 ^ 0 we have k ^ I. By 
hypothesis we know b > rir > n. Replacing 6 > n in the equation b = g + r we 
have g > n — r. Then, necessarily there exists k such that jk > 2. 

Let £ G {1,..., r} such that £ G I and k such that 7 ^ > 2. We have 

xe -D dxk A i^dxi^ = 

= a dxk A i_a_dxi + /3 (dxk A i_a_dxA 

dxg^ I ^ dxi \ / 

te/u{fc} 

r 

= a dxk A i_d_dxi + jd x^ dxj — dxk A i a dxr. 

dxp » ^ 9x,- . 

t=i " 

( 8 ) 
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Operating with eq. [5] and eq. |S] we get 


Xk -D {x^ dxi) 


-n 


Xi-Dix'^ dxh Ai d dxr] 

\ axf / 


= —/3^) a;^ dx/+ (a +/3)/3 x'^ ^k+ei. (j^^k/\i_s_dxi. (9) 

r J dx„- . 

i=i " 


Let us call J = (/\{£}) U {k}. In each of the terms of the right of eq. |9]we 
have k € J and 7 fc > 2. Then (7 — efc + )fc 7 ^ 0 and we can clear all the right 
terms of eq. [5] following eq. [71 obtaining (a^ — f3^)x'^dxi. 


This way, every element is generated by elements of the previous degree 
starting from 6 + 1 > and the result follows. □ 

Remark 3.3. ITe would like to point out that we do not know what happens 
with the converse statement, i.e., in the case where a{r, b, 1 )^ — /3(r, b, 1 )^ = 0 . 

Remark 3.4. It is worth mentioning that For this, it is enough 

to compute the products 


(z -D dx) Ady dx A (z -d dy) 
and see that they are different. 


4 Classification of Differential Operators 


In Theorem 14.51 we classify which differential operators allow a linearization 
as the one in Definition 13.11 for a distinguished class of differential operators. 

There is a distinguished vector valued differential form Id G which is 
the one arising from the identity map on ^ then, Id takes the form 
Id = YTi=idxi ® £-■ Following eq. HI we can apply ijd to an r-product of 
1-differential forms t = ti A ... A and get the formula 

iid(T) =r T. 

Then, it is immediate that the usual exterior differential can be computed as 


jCidM = dr. 


The space of derivations arising from the module structure of D on the space 
generated by (£/d, iid) it is given by {CojiAid, iuj 2 Aid){u,i,u, 2 &Qy-, this can be easily 
seen by the following equalities, see [51 Chapter IV, 16.7, Theorem, p. 194], 

Cu,Aid = uj A Cid +{-lyduj Aiid and iu,Aid = A ijd , 
where w G This allow us to define: 






Definition 4.1. We define the spaee of differential operators of bidegree {q,a) 
associated to Id & as 

Diff^f‘\Vl) = [uji A Cid + W2 A iid + Xji : for some wi e aj 2 ,M G fi’(a)} 


Definition 4.2. For q > 1, we define the set Lin^'^'°‘\Fl) of linearizable differ¬ 
ential operators of bidegree (g, a) 


Lin^‘^’°''> (fi) = i wi A Cm + { -dwi + a ;2 ) A i/d + it Xdu^i + A^) : for 


wi G ^(a) and u; 2 ,/i G r2'^(a) such that 


inOJi = iRUJ 2 = iRF = 0 and f G C 


Remark 4.3. Notice that Lin^^'°^ C Diff'^'°‘\ This can be seen by using the 
decomposition of eq. 0 together with the conditions iRUJi = iRUJ 2 = iRp. = 0, that 
fixes the exact form of the forms tbi, W 2 andjl toO, ^duJi, andtduJi, respectively. 


Remark 4.4. One can turn Lin^‘^’°''^ (fi) in a C-vector space in the following 
way: for D and D' in Lin^'^’°'\ll) defined as 


D — LOi A Cjd + dwi -|- i02j A iid + {t Xdux + Xff) 

D' = uj'i A Cjd + ^—doj[ -|- uj' 2 ^ A iid + it' Xdui'^ + A^/) 
we define the addition as 

D -|- D' := (wi -|- lo'i) A Cm “G d[oJi -G wj.) “G (w2 + A iidF 

+ {t + t') Xd(uii+ui{) + \n+F) 


Also, there is no ambiguity in the way these differential forms are written, since 
^duji + UJ 2 and t duii + p are the addition of a radial plus an exact term, for 
which eq. 0 assures uniqueness of writing. 


With the following theorem we classify which differential operators arising 
from Id can be linearized. 

Theorem 4.5. Let D G Diffj^°'\ll). Then there exists a and [3 that verify 
the conditions of Definition \d.l\ making D an S-linear operator if and only if 
D G Lin^^’°‘\Vt), for g > 1. If D G Lin^^’°‘\Vt) is given by 

D(t) = u>i a Cm + duJi + A iid + {t Xduii + A^) 
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with LOi ^ 0 , then a and /3 can be chosen to be 

( h ] a{r,b,c) 

a(r, 0 , c) := - ^ p(r, o, c) := 


6 + c-a(^ + (-l)n) ’ ’ ■ 6 -a(^ + (-l)n 

When LOi = 0, the usual multiplication law can he used. 

Proof. Take D € ($7). Then D can be written as 

D = LOi A Cid + a;2 A iL + 

for some wi € 17^“^(a) and W 2 ,M G f7'?(a). 

It will be convenient to decompose wi, ui 2 and p in the following way 


Wi — Wir + LUid 


Ul2 — ai2r + ^1d + tx duJir 


P = Pr + Pd+t2 doJir 


where the subindex r and d denote radial and exact terms, and uj 2 d and pd are 
linearly independent to dujir. For r G 17’’(6), we then have 


D{t) = {uJir + LUid) Adr + {rti + ^2) duiir + {rui 2 r + Pr) + {rui 2 d + Md) 

I7(t) = {uJir + U)id) Adr + {rti + ^ 2 ) du)ir + Vr P Vd At 
where we are writing 1 /^ = ru! 2 r + Pr and Ud = ru> 2 d + Pd- 

We now want to see under what conditions we have the equalities 

b) f ■ D{t) = D{f ■ r) 

c) g-if ■t) = {gf) ■ T 

for the action defined in Definition 13.11 f-T = afT + pdf A Irt. 

From h) we get 

/ • D{t) = f ■ \ {oJir + ojid) Adr + {rti + 12) duJir + Rr + t^d A r ^ = 


A T 
( 10 ) 

( 11 ) 


= a{r + q,b + a,c) f <^{ujir + uJid) A dr + {rti + t 2 ) duir + Vr + i^d Ar| + 
+ fd{r + q,b +a,c) df Aiii(^{u!ir+U!id) Adr + {rti + t 2 ) duJir + Vr + Vd A 


= a{r + q,b + a,c) f | {uJir + uJid) A dr + {rti + ^ 2 ) duJir + i^r + i^d 
+ fl{r + q,b + a, c)df A A dr + (-1)'^“^ (wi^ + OJid) A iRdT+ 


Ar K 


a(r7i + ^ 2 ) wir + iRi'd At + (—1)"^ {rti + ^ 2 ) dujir + I'r + i^d 


A irt 


( 12 ) 
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and, writing a = a{r, &, c), 


Dif ■ t) = D(^a f T + P df A iRrj = 

= a {wir + uJid) Adf At + af {ojir + oJu) A dr - /3 {wir + oJu) Adf A diRT+ 


{rti + ^ 2 ) duJir + Vr + i^d A (^af t + f3 df A Irt'^ 


(13) 


Taking the coefficients from every different term in eqs. [T2]and[T21 we get 
the system 


' I) / Wir A dr : 

II) / wid A dr : 

III) / duJir A T : 

W) f Vr At 
Y) f Vd At ■. 

VI) df A iRUJid A dr : 

VII) df A ujir A iRdT : 

< VIII) df A ojid A iRdT : 

IX) df A ujir A T : 

X) df A iRVd A r : 

XI) df A duJir A irt : 

XII) df A Vr A iRT : 

. XIII) df A Vd A irt : 

which can be reduced to 

' yj) df A duJir Airt ■. (—l)”^" 

IN) f Vr At : 

< IX) df A ujir A T : 

^ X) d/ A iRVd A T : 


I3{r + q,b + a,c) ={-!)’’ ^P{r,b,c) 
f){r + q,b + a,c)a{rti + 12 ) = 

= (-l)'*”^(a(A b, c) - bj3{r, b, c)) 
P{r + q,b + a,c) =0 
/3(r + q,b + a, c)(-l)'?(rti + ^ 2 ) = 

= /3(r, b, c){-l)‘>{rti +^ 2 ) 
(-l)«/3(r + q,6 + a,c) = {-l)‘>P{r,b,c) 
(-l)«/3(r+ q,6 + a,c) = {-l)'^/3{r,b,c) 

I3{r + q,b + a,c) = (- 1 )'^" V(r, 6, c) 
a{r + q,b + a,c) =a{r,b,c) 
I3{r + q,b + a,c)a{rti + t 2 ) = 

= (-l)'^”\a(A b, c) - bl3{r, b, c)) 
I3{r + q,b + a,c) =0 


a{r + q,b + a,c) =a{r,b,c) 
a{r + q,b + a,c) = a{r,b,c) 
a{r + q,b + a,c){rti + 12) = a{r,b,c){rti + 12) 
a(r + 5, 6 + a, c) =a{r,b,c) 
a{r + q,b + a,c) =a{r,b,c) 
P{r + q,b + a,c) =0 
(-!)«“ + q,b + a,c) = (-l)'?"^/ 3 (r, &, c) 

(-l).-i 


It is clear the sufficiency of these equalities to accomplish b). For the neces¬ 
sity we proceed as follows: 

• if iRT = 0, then the terms involving eqs. I),..., X) must coincide, leaving 
the terms of eqs. XI),XII) and XIII) apart which can be considered in 
another system. Since these equations are linearly independent by hy¬ 
pothesis, we get that eq. XI) must be satisfied. 

• if r = d/ A pd, for some exact differential form pd, then only eqs. Ill), IV) 
and V) survive. Also they are linearly independent by hypothesis, then 
eq. IV) must be also satisfied. 
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• by the previous arguments, we can clear off eqs. I) to V), VII), VIII) and 
XI),XII), 

XIII). Taking now r = we get only eqs. IX) and X) which are also 
linearly independent. 


Using eq. IX) we can clear /3 as 
/3(r,b,c) = 


Hr, H c) 


b - {-l)<!a{rti + ^ 2 ) ’ 
From this equality and eqs. I) and VII) we get the formula 
a(r, &, c) a{r,b,c) 


b - (-l)‘?a(rti + 12 ) (b + a) - (-l)'?a((r + q)ti + ^ 2 )) 


from where we are able to clear ti as 


(- 1 ) 


and obtain the system 


a{r,b,c) = a(r + q,b + a,c) 
a{r, b, c) 


H{r,b,c) = 


6 -a (^ + (-1)^2) 


(14) 


From eqs. VI) and X) we see that wid = Vd = 0, since a and /3 must be non 
trivial. Then recalling the expressions of eqs. (TOlandlTTJ the differential operator 
D must be of the form 


D{t) = UJir Adr + 


-h ^2 1 duJir + I'r 

q 


A r 


D{t) = uJir Adr + r [ — duir + a;2r ) A r + (t2 dujir + ^ir) A r. 


This way, we have that 


D — UJir A Cld + ( — duJir + UJ2r ) A lid + (^2 ^dbJir + 


showing that D G Lin(If). 


From c) we have 

gif -r) = g - (a(r, 6, c) / r + I3{r, b, c) df A irt) = 

= a(r, b + c, e)g (^a(r, b,c) f t + /3(r, b, c) df A Irt^ + 

+ j3{r,b + c,e) dg AiR{a{r,b,c) f T + /3(r, &, c) df A irt^ = 

= a(r, 6 + c, e)a{r, b, c) gf t + a{r, 6 + c, e)j3{r, &, c) g df A Irt + 

+ /3(r, 6 + c, e)a(r, b, c) f dg A irt + /3(r, 6 + c, e)/3(r, 6, c)c f dg A Irt (15) 

ud 

{gf) ■ r = o.{r, b,c + e) gf T + /3(r, 6, c + e) d{gf) A irt = 

= a{r, b,c + e) gf T + I3{r, b,c + e)g df A Irt + j3{r, &, c + e)f dg A Irt. 

(16) 
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Again, joining eqs. [15] and [ini as before we get the following system of 
equations 

' I) gf T : a(r, b + c, e)a(r, b, c) = a(r,b,c + e) 

II) g df A i rt : a(r^b + c,e)j3{r,b,c) = /3(r, 6, c + e) 

III) f dg Airt : 6 + c, e)a(r, 6, c) +/3(r, 6 + c, e)/3(r, &, c)c^ = ^ 

= ^(r,&,c + e) 

which implies condition c). 

For the necessity we can assume irt = 0 from where we get eq. I). Removing 
that equation from the system, we can choose / and g linearly independent and 
we are done. 


Putting together eqs. [HI and [T71 we get the conditions 


' b, c) 


S : 


a(r, b, c) 


13{r, b,c) 


a(r + 2 , 6 + a, c) 
a{r, 6 , c + e) 
a(r, b + c,e) 
air, b, c) 

5-a (^ + (- 1 )^ 2 ) 


The first two equations suggest a linear relation between the first two co¬ 
ordinates, for which the denominator of the third equation propose a formula 
for that. The second equation suggest a multiplicative relation between the last 
two coordinates. 


As stated in the theorem, a formula that satisfies system S can be given by 


a{r,b,c) := 


&-a(^ + (-l)n2) 

b + c - a + i-l)n 2 ^ 


I3ir,b,c) := 


air, b, c) 


b-a(^^ + i-i)n2) 


which clearly verifies condition a)a(—, — ,0) = 1 of Definition Id. II 


For the case = 0, we can choose a = 1 and 13 = 0 which reduces to the 
usual multiplication. □ 

Remark 4.6. A more general formula to the one given in the previous theorem 
can be given by, for an appropriate t, 


xir, b, c) := 


F(£(6)-£(a(r + (-l)n)) 

£(£(5 + c)-£(a(^ + (-l)n)) 


I3ir,b,c) := 


xir, b, c) 


6 _a(i + (-l)n) 


where F is any function and L is a linear function. 
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5 Applications 


Along this section we show two different applications of the formula for 
deformations that we gave in Definition ld.il The first one shows how to linearize 
the usual exterior differential as we mentioned in eq. [TJ The second one is related 
to the regularity complex of Camacho and Lins-Neto given in the introduction, 
see eq. [H 


5.1 Exterior differential 


Definition 5.1. For f G S{c) and r G we define 

when b or c is not null and define f -d t = fr when b,c = 0. We denote by 
DJJ = O’' and fid = ®r>o C-vector spaces with this action from S. 

We then have: 

Proposition 5.2. The exterior differential 

fid —^ f^d 

is a morphism of S-modules and the S-modules fV^ are finitely generated. 

Proof. It is clear that d G Lin^^’°^(0). Then, following Theorem 14. 5 1 we get the 
formula proposed in Definition 15.II 

To see that O^ is finitely generated we have that a^(r, &, 1) — /3^(r, &, 1) = 0 
if and only if 

{ b y _ ( b y ^ b^jb+iy-i] ^ 

\b+lj \{b+l)y (6+1)4 

Then, the conditions of Proposition [22] are verified for 6 > 1 and the result 
follows. □ 
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5.2 Regularity complex 


In [7] we introduce a long complex C*(uj) of differential operators from the 
short complex of Camacho and Lins-Neto, see [1] Section III.I, p. 17] or eq. [2| In 
the same work we give C-linear isomorphisms of ^*( 0 ;) to an 5'-linear complex 
and use it to obtain geometric information of the singular locus of the foliation 
defined by w as well as its relation with first order unfoldings of w. Here we 
expose a different approach to linearize the complex 

Let us recall from [T] Section 6.1, p. 19] the following definition: 

Let cj G H^(a) such that = 0 and uj Adcu = 0. We define the differential 
operator uj A € Diff^^’“^(H) as 

H’--^ 

T I-^ UJ A T := UJ A dr + K(r) duj At 

where K(r) := 

Using [T] Proposition 6.1.2, p. 19] we know that uj A defines a differential 
of a complex of C-vector spaces which allow us to define the graded complex 
C'{uj) as 




where the 0-th differential is defined ds. uj A X ■= Cx(uj) = ixduj + dixuo- 


Definition 5.3. For / G S{c) and r G we define the action 


f-AT 


1 

b + c — K,{r)a 


{b- K{r)a)fT 


df A Irt 


and denote by = 0h>K(r)a = 0r>o^wA the C-vector 

spaces with this action from S. 

For / G S'(c) and X € T{b) we also define 


/■aX 


b 

b-\- c 


fX 


and denote by 


0 T(b) to the C-vector space with this action from S. 

b>l 


We then have: 

Proposition 5.4. The complex 


CZ,{uj) : 


T, 


■ 11 ^ * 




cuA 


is a complex of S-modules and the S-modules and finitely generated. 


15 














Proof. Writing w A as 


w A — w A Cjd + 2^^ ^ '^^dui 

it is clear that w A € Lin^^’“^(f2). Then, following Theorem 14.51 we get the 
formula proposed in Definition 15.dl 

It is also clear that T^a is finitely generated. For we have that a^(r, b, 1) — 
/3^(r, 6,1) = 0 if and only if 

/ b-K{r)a y / 1 y ^ {b-K{r)ay - 1 

\6+l —K(r)a/ \6+l —K(r)a/ {b + I — K{r)a)^ 

Then, the conditions of Proposition 13.21 are verified for 6 > 1 + K{r)a and the 
result follows. □ 
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